Exam A Solutions Math 134, Fall 2024, Carleton College

A.A. This problem strongly resembles the problems that we’ve done about electrical flow in
circuits and traffic flow on roads. Each junction (merge or split) yields an equation involving

the fluxes at that junction. So we have

1 +x7 = 35,
r1+x2 —25 = 0,
Tro+x3+x6—2x7 = 0,
s+ x4 +ax5 = 50,
T4 —x¢ = 15.

A.B. There are five equations in seven unknowns. If the equations happen to contradict each
other, then there is no solution. But that’s improbable. My guess is that we’ll end up with
two free variables and hence infinitely many solutions. To really nail down the fluxes, we must
measure two of the unknown fluxes, so that only five unknowns remain.
(Bonus question: It might seem that measuring one well-chosen flux could be enough. For
example, if we measured x1, then wouldn’t we know z7 too? Yes, but why is that inadequate?)
(Bonus question: How could I tweak the original problem, to make the equations contradict

each other? There is a simple answer.)

B. After a few steps, which I’ll omit in these solutions, I think that we get down to the fully

reduced augmented matrix

1 1

21 1
01 -5 -5
00 O 0

So z is a free variable, and there are infinitely many solutions. For any choice of value for z, we
1

get z =3 —tzandy=—75 + 3Lz

C.A. I'll not draw the pictures in these solutions, but here is a verbal description. Your A
picture should show your object smashed onto the y-axis. Your B picture should show your
object rotated through an angle of 7/4 counterclockwise about the origin. Your AB picture

should be rotated then smashed. Your BA picture should be smashed then rotated.

C.B. No, A~! does not exist, because A1 Aga—A19A2; = 0. This makes geometric sense, because
A smashes the plane onto the y-axis, and that transformation is not invertible. Meanwhile, B

is a rotation matrix, so it’s orthogonal, so its inverse is just its transpose:

B*l _ BT —
—sinw/4 cosm/4

cosm/4 sinm/4 ]
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(Notice that
1 cos(—m/4)
sin(—m/4)

— sin(—m/4)
cos(—m/4)
This answer makes sense; B rotates by 7/4, so B~! should rotate by —m/4. But this observation

requires a level of trigonometry knowledge that I don’t expect all students to have.)

D.A. As we have studied in class, @ is the projection onto the column space of A, and we should
have Q = A(ATA)"1AT, if AT A is invertible.

D.B. To compute the least-squares solution, we could compute QI; and then solve AT = QI;, but

it is faster to use the fact (which we have seen in class) that the least-squares solution is

z

(ATA)'ATh

-1

1 2 1

101 1 0 1 101 1 1
[2101 1 0 210 -1 1
1 -1 0

B 9/17
717 |
E. A great answer is that the scattered intensity is 7i - 7 times the original intensity. Why?

Because 7 - £ = 1 when the light hits the surface perpendicularly, and 7 - 7 = 0 when the light

glances, and in general 7 - 7= cos 0, where 6 is the angle between 77 and A Moreover,
it - 0 = nily + ngly + nals,

so the computation is fast. (In fact, this is the standard answer used in computer graphics. It’s

called Lambertian diffuse reflection. It was invented by Lambert around 1760.)



